To the Reader:

Although thefollowing, part of my relentless effort to find groupsin everything, is, | believe, rigorously
correct, itwaswritten a bit tongue-in-cheekjust toseeif | could render an otherwisefascinating topic entirely
sterile with my best math journalistic prose.

Why Pianos are Always Out of Tune

LetN,, N4, N, ... denotethenamesof notes, andletny, ny, n,, ... denotetheir corresponding
frequencies. These notes are ordered suchthatny<n, <n,<....
Two notesN; and N; form aninterval of one octave if the ratio of their frequencies n;/n; =2

or ni/nj =%. Thustwo notesform an interval of k octaves if ni/nj = 2k or ni/nj = 2_k.

Theascendingchromaticscal eisdefinedasasetof twelvenotes(N;, N, , 1, N, .5, ..., N; 14}
suchthat n; , ,/n, = 2.
TwonotesN; and Nj formaninterval of afifthif |i — j| = 7. Aninterval of afifthisperfectly

tuned if theratio of frequencies n;/n; = % or ni/n; = 7.
Wedefinean equivalence”=" of notes: N; = N; whenever n;/n; = 2 or ni/n; = 27" This
"=" iseasily verified to be an equivalence relation.
We define abinary operation "«" asfollows: N;*N; = N; ;.
Itcanbeseen, then, thattheset {N;, N
twelve under "«". Theidentity, N,, is known asthe tonic.

i+1 Niso ..., N; ;) formsthecyclicgroupof order

Two necessary conditions for a piano to be perfectly tuned are that any interval of afifthis

perfectly tuned and that any subset of twelvenotesonapiano{N;, N Ni,0 ..., N, qq)forms

i+1
an ascending chromatic scale.

Theorem: A piano cannot be perfectly tuned.

Proof: Supposeit could be perfectly tuned. SinceN, andN, , ;, formaninterval of afifth, n, ., /n,

2 12
%) ,andsoon,wchthatni+84/ni=(%) .BUtN; g, = (N; +7)12 = N,

since N, , , hasorder twelve. Thiswouldimply that n; , g, /n; = 2k,acontradiction.

=3/2.Thenni+14/ni:(
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